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Dielectric response and electro-optical effects in suspensions of anisotropic particles
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The dielectric properties of suspensions of microellipsoids may be controlled by reorientation of the particles
in an applied electric field. We study this process and the resulting electro-optical effects for fields of arbitrary
strength. The magnitude of these effects is determined by the concentration of the particles, their intrinsic
dielectric anisotropy and their shape. The approach presented here provides an explicit link between the
particle properties, their orientation distribution and the field-induced birefringence and electro-optical phase
shift of the suspensions, taking into account the electrostatic interaction among the particles at moderate
concentrations. It reproduces well published experimental observations and should therefore be useful for
studying electro-optical properties as well as reorientation phenomena in these systems.

DOI: 10.1103/PhysRevE.66.011404 PACS nuner82.70-y, 42.70—a, 78.20.Jq, 78.67.n

I. INTRODUCTION scribed here as a suspension of ellipsoids. The phases are

characterized by the orientational order parameter of the sus-
Liquid suspensions of shaped microparticles possess rel®ension, which is very small in one phase and of order unity
tively large nonlinear susceptibilities arising from the easyln the other. The order parameter is predicted to exhibit hys-

reorientation of the particles by an externally applied field.[erésis as a function of applied field at concentrations near
the phase separation. However, this type of behavior has not

They are therefore interesting candidates for optical applical-) ; X ? .
tions such as electro-optic phase modulation of the Ker een observed in experiments. This treatment also ignores
. . ; . “€Mhe electrostatic interaction between the particles, which
type. Very dilute suspensions, with particle volume fractiongy,, 4 pe significant even at concentrations much lower than
of 1% or less, have been studied as anisotropic artificial Kerfgge required for spontaneous phase separation.
materials(AKM) for various nonlinear optical applications, |n this paper an alternative approach is presented based on
e.g. optical birefringence and phase conjugafi®r8|. In  calculating the field-dependent dielectric properties of the
these applications, which have been studied extensively bothKM, from which the electro-optical phase shift and field-
experimentally and theoretically, the polarization characterinduced birefringence may be easily derived. This approach
istics of a probe light beam are altered by varying the inteniakes into account concentration effects and the average elec-

sity or the direction of a strong pump beam. Alternatively, trostatic interaction between the particles. It leads to an ex-
ression for the effective dielectric tensor of a suspension,

I -optical eff i in th
eectrp optical effects may be !nd.uced |n.t ese systems bg/hich depends explicitly on the orientation distribution of
applying a low-frequency electric field, which should lead tothe microparticles. The field-dependent response of the

stronger effects since the polannglllty of d'e'eCt.”C partICIessample is calculated by relating this distribution to the mag-
is much greater at low frequencies than at optical frequen;iy qe of an externally applied low-frequency field. In the
cies. Experimental studies of these effects have shown thafijte jimit we obtain analytic expressions for the effective
AKM may be used as intensity and phase modulatorgjig|ectric tensor of the suspension and for the electro-optical
[8—11]. Polarization modulation has also been studied theogffects determined from it. The electrostatic interactions are
retically by solving the wave equation for the two polariza- taken into account using an extension of the well-known
tion components of a probe beam in an anisotropic mediunMaxwell Garnett approximation to suspensions of aniso-
in the slowly varying envelope approximatiphO]. In most  tropic particles. The electro-optical effects turn out to be
of these studies the suspensions are very dilute and may legite sensitive to changes in particle shape, concentration,
considered as random collections of independent particlesnd orientation distribution and may therefore be useful for
since the interaction among the particles is negligible. How-studying reorientation phenomena, overcoming the problems
ever, ordering phenomena in these suspensions, and the e to light scattering, in these materials.
sulting electro-optical effects, are expected to be significantly The rest of the paper is organized as follows. The Max-
enhanced with increasing particle concentration. well Garnett approximation for suspensions of anisotropic
One attempt to take into account concentration effects iﬁnC'USiOﬂS is introduced in Sec. Il. In Sec. I, we discuss the
AKM is reported in the literatur¢8]. A mean field approxi- reqrient_atiqn qf the particles from their initial random orie_n-
mation is used to write an effective excluded volume poten?at'on distribution to a st(_aady.state under thermal fluctuatlons
tial for the interaction between the particles. Combined within the presence of applied field. The electro-optical effects
the electrostatic energy it leads to a spontaneous phase sei€ Presented in Sec. IV. Finally, some brief conclusions are
ration, similar to that observed in lyotropic liquid crystals, at "cluded in Sec. V.
high pc.)ncen'trations even at sma'll el'ectric fields. This is not Il DIELECTRIC RESPONSE OF SUSPENSIONS
surprising since the original de_rlvat_lon_ by Onsager of th_e OF ANISOTROPIC PARTICLES
isotropic-nematic phase separation in liquid crystals consid-
ered the liquid crystal as a simple suspension of rigid rods An exact calculation of the effective properties of an in-
[12] very similar to an artificial Kerr material, which is de- homogeneous medium is in general an intractable problem.
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The literature on this subject therefore includes a wide vari- €n

ety of approximate schemes, each of which is appropriate for K = — ' (4)
. . . . diEl‘f‘(l di)eh

different types of composite microgeometriesee, for ex-

ample, the review papers3,14, and references thergin  whered; andd, are the depolarization coefficients of the

One of those, which is particularly useful for microgeom- ejlipsoidal inclusion along its principal axg$5]. The tensor
etries in which a host material and isolated inclusions ofy is the polarizability per unit volume of the inclusion. Its

other materials are clearly identified, is the Maxwell Garnetyrincipal elements are

(MG) approximation. It involves an exact calculation of the

field induced in the uniform host by a single spherical or a|= k|(€— €p)
ellipsoidal inclusion and an approximate treatment of its dis-
tortion by the electrostatic interaction between the differen@nd
inclusions. This distortion is caused by the charge dipoles
and higher multipoles induced in the other inclusions. The

induced dipole moments cause the longest range dlstortlo%simple method to calculatE, , the average field acting on

a_md the_|r average_effect IS mcl_udec_j n the MG approXimarg ,ch inclusion, usually referred to as the excluded volume
tion, which results in a uniform field inside all the inclusions.

This approach has been extensively used for studying ihapproacti13], was proposed by Bragg and Pippété). In a

properties of two-component mixtures in which both the hosfhixture that is not too densé&,_is the average field in the
and the inclusions are isotropic materials with scalar dielech0St medium. The averaged field over the entire system, in-
tric coefficients. In this paper, we use a variation of the MGside and outside the inclusions, must still ¢ The differ-
approach that is adapted for mixtures where the host is agnce betweei, andE, is due to the correlations between
isotropic material with a scalar dielectric constaptand the  positions of different spheres that arise from the prohibition
inclusions are microellipsoids made of an anisotropic com-of overlap between thefii6]. This leads to a simple relation

a, =k, (€ —€p). (5

ponent with dielectric tensor between the average fields in the host and in the inclusions
e, 0 0 f(Eq)+(1—f)E, =Eq, (6)
ES: 0 EJ_ 0 . (1)

where the angular brackets denote a volume average over the
inclusions and is their volume fraction. Substituting,, we

We assume that in each inclusion the principal axes.afre  SClve forE, and find
parallel to the geometric axes of the ellipsoid. The orienta-

tion of the dielectric tensor differs from inclusion to inclu- E
sion, such that in a common coordinate systenis trans- -
formed to

Eo
= (7)
(1—-1)+1f{x)
The denominators here and in the following equations should
‘€c=ReRT, (2)  be interpreted as inverse matrices. The induced dipole mo-
ment of a single inclusion is
whereR is the inclusion dependent rotation. The distribution o
of orientations significantly influences the bulk effective _ Us aEq
properties of the material. Ps=7 - (1— )+ (%)’ ®
An AKM thin film is typically sandwiched between two
conducting electrodes and is electrically driven to obtain thgyhich depends not only on the dielectric tensor of the inclu-
desired effect. A voltage differendg, is applied between the  sjon but on an average of the polarization field of all the
electrodes to modify the orientation distribution of the inclu- other inclusions in the system. The bulk effective dielectric
sions.E,, the volume averaged field over the entire systemtensor can be defined by the ratio between the volume aver-

host and inclusions, is determined by this voltage differenc%ged displacement fieldo=(D)= e E. +4m(P) and the
and the width of the filnd, Ey=V,/d. Solving the elec- 0 h-o

trostatic problem for an inclusion in this uniform field we
find that the uniform field inside the inclusion I‘55:7<EL

volume averaged electric fielHiy=(E). This leads to the
bulk effective dielectric tensor

and the induced dipole moment jig= (vJ/47)aE, , where f(}})
vs is the volume of the inclusions=R«R", @=RaR", and €etr= €nl + m ©
E_ is the local field in the vicinity of the inclusion. The
tensork is uniaxial with principal elements This is the Maxwell Garnett result for mixtures of aniso-
tropic inclusions. It depends on the shape anisotropy of the
B €h inclusions, their dielectric tenset;, and the orientation dis-
K”_dH€||+(1_dH)Eh ) tribution of the rotation matriceR. It is valid in the static
case and in the quasistatic regime, where the wavelength of
and the applied field is much larger than the particles. Experi-
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ments have been reported for suspensions of particles withted for determining the orientational order parameter of the
semimajor axis of 40um or less and applied field wave- AKM
length at the microwave range or larddr8—11, which are

well within the quasistatic regime.

For a mixture of many such inclusions, embedded in an
isotropic host, it is convenient to define the coordinate sys-
tem such that the external fiel} is applied in the positive ~ and the different elements of the bulk effective dielectric
direction. In the absence of applied field the inclusion axed€nsor. The order parametvaries from 0 aE=0, where
are uniformly distributed in all possible orientations the orientation distribution is random, to 1 at large fields
e[0,m/2] and ¢ €[0,27r], whered and ¢ are the polar and Where all the ellipsoids are aligned with their principal axis
azimuthal orientation angles, respectively. The application oParallel to the field. At intermediate situatiosis deter-
an external field in the direction does not change the dis- Mined by a thermal average of the electrostatic energy that
tribution of the azimuthal angle. The angled, on the other ~ Se€ks to orient the particles in the direction of the applied
hand, decreases as the field is increased. The average tensépid- The electrostatic energy of a single particle is

(k) and(«) are therefore uniaxial with elements

1
S= E(3<cos?¢9)— 1) (14)

~ =2
1 — Vst

T 8m(1—f+H(x),)?

~ ~ 1 (15
(K)xx= <K>yy:§[KH+ K= (KH_ KL)<CO§9>]
wherepyg is the dipole moment of the inclusion. Similarly to
and p this energy depends not only on the dielectric tensor of the
inclusion itself but on an average of the polarization field of
(K)z= K, + (K= K, ){COS ) (10)  all the other inclusions in the system.
Let us define the dimensionless electrostatic endigy
and =[vsEj(aj— a,)]/87KT. We then obtain

U

1 e
e
20 JAUEM(VD)

and (16)

- - 1 1
<a>xxz<a>yy:§[au+ai—(aH—aL)<COSZH>] (cos?0>= _f e~ IKTeo2ed0 = —
Q

<a>zz: a +(a—a, ){cog6), (11 where

respectively. The effective dielectric tensor also remains _ —EKTA A oL = L=

uniaxial throughout the switching process. Q_f € d=2me 5 (W/U)Erf'(\/a)’ (17)
It is clear that ifEy=0 the orientation distribution is uni-

form overfe[0,7] andp €[0,27r] and the material should ~ U

be isotropic with a scalar dielectric coefficient. Indeed, in Us —o—7 (18)

. - A (1= f+1(k),)*
this casg(cog6)=1/3, (k) and(«) are isotropic and
() is a solid anglek is the Boltzmann constant, afidis the
(12  temperature. Erfi()=(2/\/;)f’5e‘2dt= —i-erf(ix) is the
modified error function. In the dilute limif—0, U is re-
duced toU and the calculation of the order parameter is

straightforward. However, taking into account the electro-
static interaction between particles we have to consider finite

3fen(es— €p) f and the explicit dependence bf on the orientation distri-
€etf= €nt (1—1)(es—€n) + 3ep’ (13 pution of all particles in the system. The solution in this case
is obtained by a simultaneous numerical solution of E8).
which is the well-known Maxwell Garnett result for mixtures and(18). The numerical calculation is easy in principle. The
of isotropic componentgL3]. only difficulty arises in the computation of the modified error
function Erfix), for which we have used an algorithm for
rapid computation of complex error functions developed by
Hui et al. [17].
The result(16) applies for prolate and oblate micropar-
In the preceding section a simple method was presenteticles. It is assumed here, for simplification, that the suspen-
for calculating the dielectric behavior of AKM films, based sion is monodispersed, i.ei¢ is the same for all particles,
on the Maxwell Garnett approximation. The results obtainechowever, similar results are obtained for any distribution of
depend explicitly on the orientation distribution of the mi- v5. As expected, whelky=0, 6 is distributed uniformly
croellipsoids. Averages of this distribution have to be evalu-and (co€#)=1/3. It varies sharply at small fields and

2aL+aH
31— )+ (2K, +))

€Eoff— 6h+f

For spherical particles with a scalar dielectric coefficient
this is reduced to

lll. THE ORIENTATIONAL ORDER PARAMETER
AND DIELECTRIC RESPONSE
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reaches saturation(¢os'6)=0,1, for da=aj—a, <0,>0, ! ' ' ' ' ' ' ' ' '
respectively at large fields where all the ellipsoids are o4 TR
aligned parallel to the field. For small we find {co<6) '.”‘.’:;_:;;.'-1*—”"
—1/3+40/45+0(0?). T i 1
The electric fields applied to induce reorientation are low o7t > ]
frequency(typically 100 kHz or less[10,11]. The dielectric ol L |
coefficientse|, €, , andey, used in Eq(16) should therefore ' :,-",',’«’
be the dielectric coefficients of the inclusions and liquid hostw ost 7 .
at these low frequencies. The field strength required for satu Ly
ration may be easily estimated from the definitionlbfFor I LY |
a typical sample withda~1 and vs~10"1° cm® at T 0al ;’ 1
=300 K, U~10 leads toEy~1 V/um, i.e., voltages of 4
the order of 20 V are needed to bring a 2ta-thick film to 4 |
saturation, in excellent agreement with the experimental re- o1} Vot¥) .
sults of Ref.[11]. . . . . . . . . .

Typical results demonstrating the dependence of the orde(a)c’o 2 4 6 8 10 12 14 16 18 20

parametelS on the volume fraction of the particles and their v

aspect ratio are shown in Fig. $is plotted as a function of 1 ; : :

the dimensionless enerdy and the corresponding voltage —

V, applied on a 2Qzm-thick sample. In Fig. (B) results are 091 ,,——,1.*"-"‘*""'"*""_'* """ ]
shown for suspensions of particles with axes aspect ratio o o.sf /,g.e?“" 1
1.7:1, corresponding to a principal depolarization faatpr orl ,)(g_?f' |
=0.2, and four different concentratiorfs=0.01, 0.1, 0.3, ’ 7/

and 0.4. The rise o6 with increasing field is more rapid at 0.6} i 1
higher concentrations. It is evident that although the appIiedmOS_ ifl" |
field is strong enough to saturate the rotational degree o 7

freedom of the particles the concentrational effects are rela: o0.4-
tively modest. This is in very good agreement with the ex-
perimental results of Kralilet al. [8].

In Fig. 1(b) results are shown for suspensions with a fixed o.2-
concentratiorf = 0.3 and particles with different axes aspect
ratios: prolate spheroids with aspect ratios of 3.2:1 and 1.7:1
perfect spheres, and oblate spheroids with aspect ratio o o s m P 20
1.8:1, corresponding to the principal depolarization factors ® U
dj=0.1, 0.2, 1/3, and 0.5, respectively. The effect of these
shape variations o8 as a function ol is again quite mod-
est. However, since shape variations also aftécthe effect
on S as a function of applied voltagé, is significant. This

effect has _not been examlr_led experimentally. .. tion varies: f=0.4 (solid lineg, f=0.3 (dotted lineg, f=0.1

OnceSis calculated, it is easy to evaluate the p”nc'pal(dashed lings and f =0.01 (dash-dot lines In (b) f=0.3 andd,
elements of the effective dielectric tend®y. Typical results  _ 1 (sgjig lines, d=0.2 (dotted lines, dy=1/3 (dashed lines
for e.¢; are shown in Figs. 2 and 3. The elements of theandd“:O.S(dash-dot lines

effective dielectric tensor are shown as a function of applied

voltage _for AKM fllms of mmroelhpsops with _dlfferent as- (11), are those of the inclusions and host at the frequency of
pect ratios and different volume fractions. It is clearly Seenlight incident on the sampley;, n, , andn, are the corre-
] 1

that smaller dep?"a'f'z"’!“c’” .coeff|c'|ents, larger \{olume 1Erac'sponding refractive indices. The effective dielectric tensor is
tions, and larger intrinsic anisotropies of the particles, lead t

: d d t the dielectr " h Uniaxial and its principal axis is perpendicular to the film
stronger dependence of the dielectric properties on ne ar[?)'Iane. The ordinary refractive index of the AKM is therefore
plied field. In these examples, the effect also appears for

spherical inclusions] = 1/3, because of the intrinsic anisot- -
ropy of the inclusionsg|# € . . \/ f{a)ex
0= €h

FIG. 1. The order paramet&as a function of the dimensionless
energyU and the applied voltag®/, (insed for suspensions of
ellipsoids with /=3, €, =2, e,=1, d=20 um. In (a) the
principal depolarization coefficient &=0.2 and the volume frac-

+— (19
1—f+1(K)xx
IV. FIELD-INDUCED BIREFRINGENCE
AND OPTICAL PHASE SHIFT and the extraordinary index is
Once the order paramet8iis known, Eq.(9) can be used
to calculate the ordinary and extraordinary refractive indices f(@)
of the AKM. In this calculation, the dielectric coefficients Ne=\/ én+ ———o—. (20)
1-f+1{k)y,

g=nf, e,=n?, and e,=nj substituted in Eqs(10) and
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FIG. 2. The diagonal elements of the effective dielectric tensor FIG. 4. The electro-optical phase shift(radian3 as a function

(9) as a function of applied voltage for the same samples as in Figc.)f_ r;]\ppli_ed voltage\/o (in "S"s) fordtl_ﬁe _sdame sampl)lef asoin Fig. 3,
1(b). The upper(lowen curve in each pair ige”lz (ee”YXX)_ wit nH—1.4, n, =1.35,n,=1, and incidence anglé=10°.

The optical phase shift experienced by light of wavelength The electric field induced birefringence is

incident obliquely at angle} on the plane surface of the fSa No( 58)2E2
AKM film is —n—n.=—— _1y=_2"F’ =0
An=n.,—n, an, (3(cogh)—1) 1200, 7kT (23
2md . . .
= N cosS on, (21)  to first order inU andf, whereNy=f/vg is the number of

particles per unit volume andB=uv S« is their polarizabil-
ity. For a suspension whefe=10"3, v,=10"° cm?, and,
if the orienting field is at microwave frequencies leading to
Sa~0.5 (typical for particles with an aspect ratio ef5:1),
Sn— NoNe - (29 Wefind n,=8wAn/(cE3)~2x10"* cn?/W, wherec s the
\/ng cosd+ ng Sirt 9 speed of light. This is in very good agreement with the ex-
perimental result of Ref4] for the Kerr coefficient of such
18 : : ; an AKM.

Typical results for the electro-optical phase shiftas a
function of applied voltage for AKM films of microellipsoids
with different aspect ratios and volume fractions are shown
in Figs. 4 and 5. Again, larger anisotropy, either intrinsic or
shape anisotropy, of the particles and higher concentrations
lead to a stronger effect. It is interesting to note that for
oblate particles withd|=1/2, ¢ is negative(Fig. 5). This
happens because in this example is positive at the low
frequency of the applied field but is negative at the optical
frequency of the incident light. The same behavior is ob-
tained for the electric field induced birefringent@. These
results agree with the observation that the electro-optic ac-
tivity of AKM is strongly influenced by the intrinsic anisot-
ropy of the particles, in addition to shape anisotropy, and the

where

1 - - - phase shift obtained at low concentrations is smaller than 0.1
0 5 10 15 20 rad[9]
V. (V) :
0
FIG. 3. The diagonal elements of the effective dielectric tensor V. CONCLUSIONS
(9) as a function of applied voltage for suspensions of ellipsoids ) ) ) ) ] S
with the same principal depolarization coefficiers=0.2 ande, In this paper, the reorientation of microellipsoids in liquid

=2, €,=1 but different principal dielectric coefficients and vol- Suspensions and the consequent changes in their electro-optic
ume fractionsg=3, f=0.1(dash-dot lines andf=0.3 (dashed properties are studied using a simple model for the bulk ef-
lines). =5, f=0.1(dotted liney, andf=0.3 (solid lines. The  fective dielectric response. The model is an extension of the
upper(lower) curve in each pair i%ett,; (€etfxx)- well-known Maxwell Garnett approximation for the dielec-
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0.06

0.021

10 20 25 30

FIG. 5. The electro-optical phase shift(radian$ as a function
of applied voltageV, (in volts) for 20-um-thick samples withf
=02, =3, €, =2, ¢,=1, nj=1.4,n,=1.35,n,=1, 9=10°,
and different principal depolarization coefficient=0.2 (solid
line), dj=0.25 (dash-dotted ling dj=1/3 (dotted ling, and d;
=0.5 (dashed ling

tric properties of mixtures of isotropic particles and, simi-

PHYSICAL REVIEW E 66, 011404 (2002

explicit results for the field-dependent orientation distribu-
tion of the ellipsoids and provides a convenient framework
for the evaluation of the electrostatic effects. It also allows
explicit consideration of the electrostatic interaction between
the particles at moderate concentrations. Analytical results
are obtained for dilute systems and a very simple numerical
scheme is given for systems with higher concentrations of
microellipsoids. The results of these calculations reproduce
published experimental observations. In particular, the calcu-
lated order parameter at moderate concentratidrsO(1—
0.4) agrees well with the experiments of Kraliek al. [8]
which are, to the best of our knowledge, the only results
published for this regime.

It is demonstrated that the optical phase shift and birefrin-
gence in AKM films should be very sensitive to changes in
the orientation distribution, which in turn is sensitive to
properties of the microparticles. Measurement of these ef-
fects may therefore offer a good approach for studying the
reorientation process and the physical paramdtrg, par-
ticle shape, intrinsic anisotropy, and concentratitvat in-
fluence it. In addition to these fundamental questions,
electro-optical effects in AKM are also interesting from the
applied point of view. Like any birefringent material of the
Kerr type, they may be used in electro-optical shutters and
other devices. Their potential advantage over other materials

larly, it is exact to second order in the volume fraction of theis the variety of electro-optical behaviors under various con-
inclusions. As in previous studies of this problem, the essenditions, demonstrated above. Using AKM we may select the
tial physics involves a balance between the electrostatic ereperation voltage and the magnitude of the effects by vary-
ergy, which favors alignment with the applied field, and ther-ing particle concentration and shape as well as the intrinsic
mal fluctuations. However, the approach presented here givalelectric coefficients of the components.
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